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The effects of a strong electric field E on atomic scattering factors f are evaluated to the first order 
in E, and the precise relationship f = f ( 0 ) _  4~iEa sin O/).e derived for small angles of scatter 20, for 
X-rays of wave length ~t, where f(0) is the unperturbed scattering factor, a the polarizability of the 
atom and e the protonic charge. An accurate expression is also obtained for scattering by a hydrogen 
atom through any angle; the purely imaginary field-dependent term reaches sharp turning points 
when sin 0/~ = _+ 0.1202/~-1 and f(0) = 0-744. First-order changes in scattered intensities are predicted 
only for crystals lacking centres of symmetry. Measurements might be used for (i) space group 
assignments, (ii) determination of absolute configurations, and (iii) obtaining structure factor 
phases. Approximate calculations indicate that  a uniform field of 1000 e.s.u, would produce 
intensity changes of the order of 10 -4, which could be modulated with the field; with non-uniform 
fields, and in ferroelectrics, much larger changes could be induced. The theory is illustrated by 
application to the zinc blende crystal. 

I n t r o d u c t i o n  

The major  diff iculty tha t  now hinders the successful 
and  rapid  determinat ion of molecular structures 
through X-ray  crysta l lography is the well-known 
'phase-problem'.  The observables are the positions 
and intensi t ies  of the scattered X-rays.  The positions 
give the unit-cell  dimensions as well as informat ion 
about  the space group, but  because reflections from 
opposite faces are normal ly  ident ical  (Friedel 's law) 
crystals  can be unambiguous ly  assigned by  con- 
vent ional  X-ray  analysis  to only 70 of the 230 possible 
space groups. The scattered intensi t ies  are de termined 
by  the electron charge dis t r ibut ion wi th in  the uni t  
cell; in tens i ty  measurements  give the magnitudes,  
bu t  not the signs, of the electric vectors of the scat- 
tered X-ray  beams. 

The in tens i ty  I(hlcl) of an X-ray  beam scattered 
from the (hlcl) plane of a single crystal  is proport ional  
to IF(hkl)12, where F(hkl) is the structure factor, tha t  is, 
the scattering power of a uni t  cell. The structure 
factor is dependent  on the positions of the atoms 
wi th in  the cell and  on the atomic scattering factors f ,  

F(hlcl) = .~, f i  exp [2ui (huj + Icvj+ lw~)] = .~, f i  exp (iX~) 
J j (]) 

where the summat ion  is over all  atoms j in the uni t  
cell and u~, v~, wj are numbers defining the position 
of the j t h  a tom along the a, b, c axes of the uni t  cell 
(James, 1954). The effective electron densi ty  0(x, y, z) 
is the Fourier  t ransform of the structure factor, 

~ ( x , y , z ) =  ~ , F ( h k l ) e x p  - 2 ~ i  a + + (2) 
hkl 
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where V is the volume of the uni t  cell and  the summa-  
t ion is over all  positive, negative and  zero values of 
h, k and  1. The phase problem exists because in tens i ty  
measurements  give ]F(hkl)[  and not F(hkl) = 
IF(hkl)I exp (i~akz), where ~hkz is the unknown phase  
of the structure factor. 

If the atomic scattering factor fj=f~ +if',..', then  
from equat ion (1) 

[F(hkl)l 2 = ~( f~  + i f ; )  exp (iXj) Z ( f i -  i f ;)  exp ( - i X k )  
i k 

+ 2 .~ , f / f~  (sin Xj  cos X k -  cos X~ sin Xk) 
], k 

+ j c o s X j  + ~s inX~ . (3) 

For centrosymmetr ic  crystals,  the  summat ions  over 
equivalent  atoms el iminate  the terms in sin X~ in 
equat ion (3), giving 

]F(hkl)l 2 = cos X~ + i cosX~ . (4) 

Normal ly ,  X-rays of f requency far from atomic 
absorption frequencies are used, and then  f j  is real  
and equat ion (3) simplifies to 

1F(hkl)l 2 = ~Y,f/cos Xj + sin X~ (5) 
Lj 

so tha t  [F(hkl)12=lF(hkl)[ 2, which is Fr iedel ' s  law. 
This law is inappl icable  when f~ '#0 ,  and by  using 
X-rays  tha t  were par t ly  absorbed by one of the atoms, 
the polar i ty  of zinc blende was de termined (Coster, 
Knol  & Prins, 1930), and absolute colffigurations 
found for optical ly active molecules (Bijvoet, Peerde- 
m a n  & van  Bommel ,  1951). When  f j  is real, the  
phase ~a~ is 
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which is 0 or z for centrosymmetric crystals. 
The purpose of the present paper is to investigate 

the effects of a strong electric field on the scattering 
of X-rays. Since the field might be expected to interact 
more strongly with the more polarizable atoms, 
phase differences should be induced, and if these 
were to have a measurable influence on the intensities, 
the method would provide new information on crystal 
polarity and a possible escape from the phase problem. 
Some early attempts were made to detect the effects 
of electric and magnetic fields on X-ray scattering 
(Compton & Allison, 1935) and although claims of 
small changes were made, these were probably not 
justified. This early work was aimed at displacing 
ions in an ionic lattice ; however, in a field of 1000 e.s.u. 
(300,000 volts cm-~) movements of only I0-~/~ would 
be expected. Also, if f is real, intensity changes arising 
from atomic displacements would be proportional to 
the square of the field strength. The idea behind the 
present paper is different - -  the object is to distort 
the electronic structure, thereby inducing changes 
in the atomic scattering factors and hence in the 
observed intensities; if the unit cell lacks a centre 
of symmetry, these changes are predicted to be 
proportional to the first power of the electric field 
strength. 

The a tomic scat ter ing factor 

For frequencies that  are high compared with atomic 
absorption frequencies, the scattering factor for an 
atom in a quantum state ~ is 

f = Z I ~*  exp (/uS. rs) ~ d ~  = Z <~[exp (izS. ri)[ T> 

= Z <~[exp (i#rj cos fl¢)l bY> (7) 
i 

where # = 2 z  sin 0=4Jr sin 0/~, and the summation 
is over all electrons j in the atom; the vector S = s - So 
is the difference between the unit vectors in the 
directions of the reflected and incident beams, and 
rs is the position vector of electron j relative to its 
nucleus, so S. rs=2rs sin 0cos tic; 20=cos-1 (s. So) is 
the angle of scatter, and ~s the angle between rs and S. 

In the presence of an electric field E with com- 
ponents Er(~=x,  y, z), atomic wave functions ~(0) 
become 

T =  T(°) + Er Tr(1) ÷ 0(E 2) . (8) 

The electric field perturbs the electron distribution, 
inducing polarity through Tr  °). The polarizability 
tensor c~r of the atom is 

~ =  2(k,(0) lm~l ~ ) >  (9) 
where m = - e P : r s  is the dipole moment operator, 

e being the protonic charge. From equations (7) and (8) 

f = Z  <T(°)lexp (i#rs cos fls)L T(°)) 
J 
+ 2E~2: <T(°~ I exp (i#rs cos flslT(~l)>+O(E 2) 

J 
= rio) + iEf(1) + O(E 2) . (10) 

Many unperturbed atomic scattering factors f¢0) are 
well-known empirically and through calculations. For 
low-angle scattering, the exponentials in equation (10) 
may be expanded in powers of ~, and 

f=Z-i/~e-l(m(~)+~srEy)+O(/~2)+O(E ~) (11) 

where Z is the total number of electrons in the atom, 
and m(s °) the component of the permanent dipole 
moment of the atom in the direction of the vector 
S = s - s o .  For atoms in S-states, m(0)=0, azr is 
isotropic and 

f =  Z - i #e-1 ~E + 0 (#2) + O(E 2) (12) 

where E is the component of E in the direction of 
the vector S for positive angles of scatter; the com- 
ponents of E perpendicular to S produce changes in f 
proportional to E 2. Henceforth it is supposed that  the 
unperturbed atoms are spherical. 

For large angles of scatter it is not generally possible 
to perform the integrations in equation (10) precisely. 
However, for the ground state of a hydrogen-like 
atom with nuclear charge Ze, an exact calculation gives 

(Z) I ( r p a r  ) ] 1 312 e -z~l~ 1 - E + - ~  T = ~-~ 2~e cos fl + O(E 2) 

(13) 
where a=0.5292 A is the Bohr radius. The polar- 
izability a=~a~Z -4 and 

a2/;]-2 
f =  1 + ~-2-~ j 

a2#9 / 
x [ 1 - i E 2 ~  + 4-Z-~ ] 

+O(EP) . (14) 

Fig. 1 shows the hydrogen atom scattering factors 

and 

apa2 / -2 
f(0) = 1 +4-2~/  

( f (1)= / ~  1+ 1+ e -4Z-7/ 12Z 2/ 

plotted as functions of /~/4z=sin0/2;  rio) has a 
maximum of unity (the number of electrons) at 0 = 0 
and falls with increasing angle of scatter. The field- 
dependent contribution iEf(1) is purely imaginary and 
f¢1) vanishes, with a large slope of - 4 ~ a e  -1, at 0 = 0  
and has turning points at # = _+ 1.51 j~-l, which for 
2=1.542 /~ (Ks radiation from Cu) correspond to 
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Fig. 1. The atomic scattering factor f (0) and the electric-field 
factorf(~) times e]2a for the ground state of the hydrogen 
atom. 

scattering through 20=_+21-3 ° . For heavier atoms, 
rio) decreases from Z less rapidly with increasing 0, 
since t ight ly bound electrons are more successful in 
scattering X-rays through large angles - -  this is in 
accord with the #eZ -~' factor in equation (14). Presum- 
ably f(~) also dies more slowly with increasing 0 in 
heavier atoms. 

D i s c u s s i o n  

At the turning points in f(~), f =  0.744 ~ 1.22 × 10 -~ iE 
for the ground state of the hydrogen atom, where 
/~ is in e.s.u. The effective field will differ from the 
actual field, and the Lorentz internal field is 
[(s+2)/3]E, where 8 is the static dielectric constant. 
In  most crystals, ~ is between 2 and 10, but  in ferro- 
electric crystals like barium t i tanate,  s ~ 104 and 
the internal field effect can be very large. Very large 
local fields might also be obtained by  using a sharp 
conductor on one face of a crystal on a flat conductor, 
producing a highly inhomogeneous field. Most atoms 
are more polarizable than hydrogen, but  f(0) is also 
larger, and f(~)/f(o) ratios may  be similar to tha t  of 
the hydrogen atom. An important  practical point is 
likely to be our abili ty to modulate E at  a low audio- 
frequency and to use a phase-sensitive scintillation 
detector. 

Since f~' in equations (3) and (4) is proportional 
to E, terms in f~:f'~ are of O(E~) and are therefore 
negligible in this calculation. Equation (4) requires 
tha t  centrosymmetric unit  cells do not produce 
intensi ty changes proportional to the first power of E. 
However, when 

2;fi sin X ~ 0 ,  
1 

equations (3) and (10) lead to intensity changes 
6I(hkl) given by 

~ (h~) 
~(h~) 

2E ~_~f(0)ra) (sin X~ cos X ~ -  cos Xy sin X~) j ?  J k  

+ O(E ~.) (]5) 

Measurements of 61 might be used for (i) space group 
assignments, (if) determination of absolute configura- 
tions of optically active groups, and (iii) obtaining 
new information about sin Xy and cos Xj and hence 
about the phase aakz in equation (6). If only first 
order effects in E should be measurable, the technique 
would be restricted to crystals tha t  lack centres of 
symmetry ;  however, centrosymmetric crystals nor- 
mally yield to conventional methods of X-ray struc- 
ture analysis. The method has something in common 
with work aimed at using anomalous dispersion to 
determine phases (Okaya & Pepinsky, 1956; Rama- 
chandran & Raman, 1956). 

As an illustration of the theory, consider zinc 
blende, whose unit  cell contains Zn ions at the positions 
0 0 0 , 1 1 0  10x 0½½, a n d S i o n s a t l ~ - ¼ , ~ ¼ , ~ , S l a  ~.aa 2 2  , 2  2~ 4 4  

:From equation (3), 

IF(100)lg=0, IF(2O0)[ 2=16(f~)-f(~))  9, IF(300)12=0, 

]F(400)12 = 16 (f(~ ~ ÷f~))9.; 

IF( l l0) le=0,  IF(220)[2=16(f~÷f~))2,  ]F(330)1~=0, 
[F(440)12 = 16 (f(~) +f,~))9; 

( f  z~f~ - I s  f z,)] , iF(ll l)12=16[f~)~+f~)2+2 E (o) ~) ¢o) (~) 
]F(222)[~ = 16 (f~,)-f(~))L 

[F(333)12 = 16 [ f~2  + f~)~ _ 2E (f~),f~) - f~)  f<~,))], 
IF(444)]2 = 16 (f~,) +f~))9. 

Hence the first and third order reflections from the 
(111) planes show the effects of the electric field, 
and these show equal and opposite changes. 
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